Abstract Topological persistence is a powerful and general technique for characterizing the geometry and topology of data. Its theoretical foundations are over 15 years old and efficient computational algorithms are now available for the analysis of large digital images. We explain here how quantities derived from topological persistence relate to other measurements on porous materials such as grain and pore-size distributions, connectivity numbers, and the critical radius of a percolating sphere. The connections between percolation and topological persistence are explored in detail using data obtained from micro-CT images of spherical bead packings, unconsolidated sand packing, a variety of sandstones, and a limestone. We demonstrate how persistence information can be used to estimate the percolating sphere radius and to characterize the connectivity of the percolating cluster.
Introduction
It has been long understood that the connectivity of different phases in a porous material (rock and water in an aquifer, for example) strongly influences physical properties of the system, particularly those related to transport (fluid flow, diffusion of contaminants, or mechanical force chains, for example). This relationship has been studied primarily through percolation theory, i.e., the study of cluster formation and growth under the addition of randomly distributed components [Broadbent and Hammersley, 1957] .
Percolation theory has been applied extensively to the study of transport in porous materials, Sahimi [1993] , with various adaptions to specific problems. Percolation length scales are correlated to the permeability of random porous media in Katz and Thompson [1986] . Permeability, k, is a geometrical property of the material relating to the rate of fluid flow which is controlled by the narrow constrictions in the pore phase. Permeability has the dimensions of area and may be thought of as representing the cross section of an effective channel for fluid flow through the pore space. Katz and Thompson showed that for sandstone and carbonate rocks, k is correlated to ' c , a critical pore diameter corresponding to the diameter of the largest sphere that can percolate through the sample pore space: 
where c is a constant, r is the electrical conductivity of the brine-saturated sample, and r 0 is the conductivity of bulk brine. This method for estimating the permeability has a significant merit as ' c can also be experimentally measured from mercury intrusion or directly estimated from 3-D digital images (tomograms).
In this paper, we work with a simple geometric definition of percolation. The sample, X, is a bounded subset of R 3 with two distinct phases, pore and grain. We define r pore as the radius of the largest sphere that can move freely from one side of the pore space to the other and r grain as the radius of the largest sphere that can move freely through the grain phase. This percolating sphere problem is equivalent to testing the connectivity of level sets of a real-valued function f ðxÞ : X ! R defined by the shortest distance from each point in X to the pore-grain interface. By convention, we take distances to be negative in the pore and positive in the grain phase, and refer to f as the signed Euclidean distance transform (SEDT). The lower level sets of f are L f ðcÞ5fx j f ðxÞ cg, so that r pore is the smallest value of c for which L f (c) spans the domain. The upper level sets are U f ðcÞ5fx j f ðxÞ cg and r grain is the largest value of c for which U f (c) spans. In a probabilistic setting where there are many realizations of the same random process, r pore and r grain are defined in a limit, so that with probability 1, we expect L f (c) will span if c > r pore , and with probability 1 we expect L f (c)
will not span if c < r pore . Our data are obtained from X-ray micro-CT images of real porous and granular materials, and we do not attempt a full statistical analysis of their percolation phenomena, but work with the simple geometric definitions given above.
Topological quantities are attracting increasing attention in porous media studies, since connectivity plays such a dominant role in fluid transport and fluid trapping [Scholz et al., 2012; Herring et al., 2013; Wildenschild and Sheppard, 2013] . These studies have focused on computing topological measures such as the Euler characteristic and the Betti numbers of the pore space and relating them to transport. The Betti numbers, b i , count the number of distinct i-dimensional cycles, i.e., components b 0 , loops b 1 , and enclosed voids b 2 , in a threedimensional object. The Euler characteristic is the alternating sum of Betti numbers: v5b 0 2b 1 1b 2 for 3-D objects. The surface of a donut, for example, has b 0 51; b 1 52, and b 2 5 1. A connected network with V vertices and E edges has b 0 5 1 and b 1 5E2V11. Persistent homology is a mathematical theory that allows us to study topological quantities as an object grows [Verri et al., 1993; Robins, 1999; Edelsbrunner et al., 2002] . It has rapidly become an important tool for studying shape in application areas from digital images [Bendich et al., 2010; Delgado-Friedrichs et al., 2015] to dynamical systems Kurtuldu et al. [2011] to high-dimensional data-mining [Carlsson, 2009] . Rather than just computing the Betti numbers of an object, persistent homology allows us to track all the topological changes in the lower level sets of a real-valued function, L f (c), and presents this information in a set of persistence diagrams. The persistence diagrams give much more information than the Betti numbers as a function of c; they allow us to see directly the range of c values over which each topological feature (component, loop, or void) exists. By applying persistence analysis to the SEDT of a segmented tomogram, we are able to capture a wealth of geometric information while also improving the robustness of topological measures. The purpose of this paper is to introduce topological persistence diagrams as a tool for characterizing structure in porous materials and to establish the connections between persistence and percolation.
This paper begins in section 2 by giving an intuitive description of persistence diagrams and their connection to geometric and topological properties of porous materials, using a random packing of spherical beads as an illustrative example. In section 3, we use a voxelized version of the ''Swiss cheese model'' to illustrate and elaborate on the connections between persistence and percolation. The key observation is that near the percolating threshold, the persistence algorithm can pair birth and death events that are spatially separated. This gives us a basis for estimating percolating radii from the persistence information. The following section 4 presents data from micro-CT images of sandstones that show qualitatively similar behavior to the Swiss cheese model, and other materials that do not.
Persistence Diagrams of Porous Materials
We describe how topological persistence diagrams are computed from micro-CT images and how to interpret this information as geometric properties of porous materials, using a packing of spherical acrylic beads as an illustrative example ( Figure 1 ).
The micro-CT images used in this paper were obtained using machines built within the Department of Applied Mathematics at the ANU in Canberra. The hardware and software used in our facility is described in Sheppard et al. [2014] . The current paper examines simple porous materials consisting of just two phases so the X-ray density image is segmented to assign each voxel to either the grain or pore phase. Geometric characterization of this binary segmented image is achieved using the signed Euclidean distance transform (SEDT) defined by the shortest distance from a voxel to the interface between the two phases. A voxel that is face-adjacent to one of the opposite phase has a distance of 0.5 units. In this paper, we take negative distances within the pore phase and positive in the grain phase. The result is a function f(x,y,z) defined on a regular rectangular grid of points ðx; y; zÞ Z 3 with the property that all local minima of f lie inside the pore phase and all local maxima in the grain phase.
We extend the SEDT f from a function defined on a grid of points to a discrete Morse function defined on a cubical cell complex as described in Robins et al. [2011] . This use of cubical cell complexes and discrete Morse functions allows us to correctly determine locations where the topology of level sets of f changes, and to build a combinatorial complex that captures this topology. Recall that the lower level sets of a function f are L f ðcÞ5fðx; y; zÞ such that f ðx; y; zÞ cg. It is a central result in Morse theory that the topology of these lower level sets can only change as c passes through a critical value of f.
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The critical points are of four basic types: local minima (index-0), local maxima (index-3), index-1, and index-2 saddle points (the index of a critical point is the number of decreasing dimensions of the function in its neighborhood). The combinatorial cell complex consists of a 0-cell (vertex) for each local minimum, a 1-cell (edge) for each index-1 saddle, a 2-cell for each index-2-saddle, and a 3-cell for each local maximum. The 2-cells and 3-cells are patches and solids that are topologically simply connected like a disk and a solid ball, but can have geometrically irregular shape. The face-adjacencies between the cells in the complex are determined by gradient flow lines that start in the neighborhood of the index-k critical point and descend to an index-(k 2 1) critical point. The cells are assigned weights that are the critical values of their critical points. The weighted graph of vertices and edges from this cell complex is effectively a pore space network model as is commonly used in the study of fluid displacements in porous materials [Fatt, 1956; Bakke and Oren, 1997; Blunt, 2001; Prodanovic et al., 2007] . We call the subset of the cell complex that lies inside the pore space the Morse skeleton. This structure is analogous to a medial axis but removes the geometric noise and topological ambiguity associated with medial axes by applying a simplification process dictated by topological persistence [see Delgado-Friedrichs et al., 2015, for details].
In the example sphere packing image, local maxima of f occur at the center of each bead, index-2 saddle points at contacts between beads (and other locations), while index-1 saddle points typically define constrictions in the pore space (''throats'') between ''pores'' that are detected as local minima of f. If we start with low values of c and increase with small steps, then each time we pass a local minimum a new component of L f (c) is created and a vertex is added to the combinatorial complex, C. Passing an index-1 saddle means either two components of L f (c) merge into one, or a new loop is made; in either case an edge is added to C. When passing through a 2-saddle, either a loop (one-dimensional hole) in L f (c) is filled in, or a void may be enclosed (e.g., a grain is isolated); in C we add a 2-cell. A void in L f (c) is finally filled in by a local maximum and this is represented by the addition of a 3-cell to C.
The above sequence of topological changes is called a filtration and the idea behind persistent homology is that each death event (i.e., merging two components, filling in a loop or a void) can be paired uniquely with an earlier birth event (the creation of a new component, 1-cycle or 2-cycle) [Edelsbrunner et al., 2002] . The (birth, death) pairs capture all topological changes in the lower level sets of a Morse function f. Note that a Morse function defined on an arbitrary manifold may have birth events that are never paired; these are called essential cycles. For an SEDT on a rectangular domain, there is only one essential cycle defined by its absolute minimum, the largest pore for the examples in this paper.
The homology of a filtration is conveniently summarized in the persistence diagrams (PDi) for each dimension i: plots of the critical values (b, d) for each (birth, death) pair. PD0 represents the births and deaths of connected components, PD1 the births and deaths of 1-cycles (loops), and PD2 the births and deaths of 2-cycles (voids). In any diagram, points near the diagonal have d b, and these features are said to have low persistence. A small perturbation of the function can be made to remove the critical points that correspond to the paired birth and death event and a key result in persistent homology is that persistence diagrams are 
cycle is created and filled in the pore phase, so these pairs signal the existence of highly nonconvex pores that are not well modeled by simple spherical pores connected by cylindrical throats. In this case, a small difference d 2 b means the pore is fairly flat like a pizza-base, and a larger difference suggests a more toroidal pore shape (see Figure 3 , for a sketch). The persistence in this context is therefore a type of aspect-ratio for pores that are not well modeled by a sphere. In Figure 2 , we see that such pores are in fact quite common in the bead packing and are due to close but not touching bead configurations present in the disordered packing of beads. When b < 0 < d we have the typical situation of a 1-cycle that is a redundant pathway through a network model of the pore space, with b telling us the narrowest throat radius along this cycle, and d measuring a corresponding constriction in the grain phase (i.e., a grain-contact radius). If 0 < b < d, the 1-cycle is born in the grain phase and signals a highly nonconvex structure in the grain phase.
Finally, a point (b, d) in PD2 means a 2-cycle is created in L f (c) when c passes through b and then filled in at a local maximum with value d. The value of the local maximum is the radius of the maximally inscribed sphere within a grain, and the value of the 2-saddle defines a grain-contact radius (analogous to a porethroat radius). Birth values in PD2 with b < 0 signal a disconnected grain phase, unlikely in the interior of the image of a real porous material unless there has been a poor segmentation. For the sphere packing, we see most of the PD2 points concentrated around ðb; dÞ5ð113; 780Þ mm because all spheres have the same size (their diameter is 1.59 mm). The grain-contact radius of 113 mm is perhaps larger than expected for point-contacts between spheres, but is a consequence of the relatively poor resolution in this publicdomain tomographic image. The PD2 points with d 780 mm and b > 113 mm are due to partial beads cropped off at the edge of the image.
We recap the above discussion of persistence by noting that a persistence pair in dimension i consists of two critical points of the Morse function f: a birth at f ðx b ; y b ; z b Þ5b and a death at f ðx d ; y d ; z d Þ5d. The most common way to represent this information is through the persistence diagrams, PDi, of the critical values (b, d). We will see below that the distribution of distances between the birth and death critical points, jjx d 2x b jj, also shows a strong signal of the critical percolating length scales. 
We create a voxel image based on a Swiss cheese model by first generating 10 5 points with uniform random coordinates in the unit cube and then mapping them into a 1000 cubed voxel domain. These (mostly isolated) voxels are used as the grain phase seeds for an SEDT as described earlier. The percolating thresholds for the upper and lower level sets of this SEDT are r grain 5 28.62 and r pore 5 219.22 voxel units, respectively. In Figure 4 , we show the persistence diagrams for the distance function that is positive in the grain and negative in the remainder of the domain, as is the case for the other data in this paper. The grains in this case are single voxels with finite width, so we see all the PD2 points have d 5 0.5 voxel units. PD2 has a distribution of birth values, as expected for this purely random overlapping sphere model and in contrast to the bead packing described in the previous section. The PD0 births show a broad distribution of pore sizes, and a horizontal spike at a d value that coincides with the critical percolating radius for the pore phase. PD1 has a roughly triangular shape with tapering sides and we see that most (86%) of the (b, d) pairs lie within the region bounded by b > r pore ; d < r grain , and b < d.
In Figure 5 , we show distributions of the distances between the critical points associated with each (birth, death) persistence pair. These figures show very clearly that most of the creator and destroyer critical points are within 100 voxel units (5 times the mean nearest neighbor distance, or 0.1 of the unit cube edge), but that a small fraction of pairs become highly spatially separated (up to the domain width) at the critical percolating length scales. The highly separated pairs occur in a very narrow range of PD0 death values centered on r pore , the separation is maximal for PD1 birth values at r pore , and for PD1 death values at r grain .
There is a 4% difference between the birth value of the maximally separated PD2 pair and r grain , and the peak in the distances is again narrowly defined.
We describe the persistence pairing algorithm in more detail in Appendix A, and make detailed connections to the critical percolating length scales. The key point is that the existence of a spanning cluster at the percolating length scale means the birth, death critical point pairs in PD0 (and PD1) can become separated. Also, we note that above the pore space percolation threshold most edges added to the filtration will create 1-cycles and we see that jump clearly in the PD1 diagram. By complementarity and duality, similar arguments apply to PD2 and the grain phase percolation threshold. 
Persistence and Percolation for Micro-CT Imaged Samples
In this section, we compare persistence diagrams and critical percolating length scales for a variety of examples. Results from micro-CT images of an unconsolidated sand pack and several sandstones show qualitatively similar features to the Swiss cheese model. We also give results from a micro-CT image of a limestone as an example where the connection between persistence and percolating length scales is less straightforward.
For all the samples, we estimate percolating length scales from the persistence information in a number of ways. Our data for the Swiss cheese model and arguments in Appendix A suggest the following candidates for r pore :
1. PD0 death value of the pair with maximal persistence, d 2 b. 2. PD0 death value of the pair with maximal separation, jx d 2x b j. and for r grain : 3. PD2 birth value of the pair with maximal persistence, d 2 b. 4. PD2 birth value of the pair with maximal separation, jx d 2x b j.
We also test the relationships between birth and death values of maximally persistent and separated pairs in PD1 and r pore and r grain .
Values of critical percolating radii and the above quantities for all samples are given in Table 1 . The death values of maximally persistent 0-cycles are within 10% of r pore for five out of 11 samples. Death values of maximally separated 0-cycles are a better estimate with seven out of 11 samples within 10% of r pore . In almost all samples, the death values of maximally persistent and separated 0-cycles are larger (less negative) than the critical percolating value of r pore . This is to be expected since the pairing of vertices and edges that are separated in value and/or space is most likely to occur when two large components L f (c) are merged. We also know that the largest pore (most negative local minimum) is never paired. The appendix explains this in more detail.
The birth values of maximally persistent 2-cycles are within 10% of r grain in nine out of 11 samples. Birth values of maximally separated 2-cycles are within 10% of r grain in 8 out of 11 data sets. The PD2 estimates of percolation do not show the same systematic error as observed for PD0. One reason for this is because there is no unpaired local maximum. a For PD0, the death value of these maximal pairs is an estimate of r c for the pore space. For PD1, the birth value estimates r c pore and the death value r c for the grain phase. For PD2, the birth value is also an estimate for r c grain. Estimates that are within 610% of the computed percolating radii are highlighted in bold.
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Birth and death values of maximally persistent 1-cycles only match the percolating length scales in the Swiss cheese model. Six samples have their maximally separated 1-cycles within 10% of both r pore and r grain and an additional four samples (10 in total) have the death value of the maximally separated 1-cycles within 10% of r grain .
The data presented in Table 1 strongly support our argument that there is a relationship between percolation thresholds and persistence data but the maximally persistent or maximally separated pairs are not the best signifiers, due to their sensitivity. Further numerical and probabilistic studies are needed to establish a more accurate relationship.
The rest of this section discusses the different samples in detail.
Unconsolidated Fluvial Sand Pack
Our first example is a somewhat poorly sorted unconsolidated fluvial sand pack from southern Australia.
The segmented image has a porosity of 36.3%, with dimensions 512 3 512 3 512 voxels and a voxel size of 9.184 mm (see Figure 6a ). The persistence diagrams are displayed in Figure 7 . As expected, we see a broad range of pore and grain sizes in the PD0 birth and PD2 death values, respectively. The percolation length scale for the grain phase matches the narrow spike in the PD2 diagram, with the most persistent 2-cycle having a birth value very close to the independently computed percolating sphere radius (33.3 versus 29.7 mm). The PD0 diagram shows a dual behavior to PD2, with the death value of the most persistent 0-cycle matching the pore space percolating radius of 41.3 mm.
Looking at PD1 of the sand pack, we see a significant number, 30%, of (b, d) pairs with b < d < 0 signifying the existence of highly nonconvex pores, and only a small fraction, 2.2% of (b, d) points with 0 < b < d, confirming that the grains are approximately convex. Similar to the Swiss cheese model and in contrast to the sphere packing, the PD1 (b, d) pairs for the sand pack fill out a triangular region bounded by the percolating length scales and the b 5 d diagonal. This densely filled, roughly triangular region in PD1 is also seen in the sandstones.
Plots of the distances between paired critical points are given in Figure 8 . Again, there is extremely close agreement between the percolation thresholds and narrow spikes in the distributions. In Figure 8d , we see a number of outlier points that broaden the main peak, and have lead to a significant discrepancy between the maximally separated birth value and r grain . These outlier points are probably due to the very wide distribution of grain sizes in the sand pack.
Consolidated Sandstones
We have computed persistence diagrams and critical percolating length scales for seven samples covering four different sandstone types: Bentheimer from Germany, Berea from Ohio, Castlegate from Utah, and Clashach from Scotland (see Figure 6b , for a representative cross section of one segmented image and Figure  9 for persistence diagrams of four samples). The persistence diagrams for these sandstones share broadly similar features with each other, and with the sand pack. The most significant difference between the unconsolidated sand packing and the consolidated sandstones is that the latter have a much smaller proportion of PD1 points with b < d < 0 (2.5% for the Castlegate sample, for example) and a much larger proportion with 0 < b < d (36% for Castlegate). Recall that the latter points signify highly nonconvex components in the grain phase. This is naturally explained for the sandstones by the sedimentation of the narrowest throats fusing three or more grains together, and is a significant marker of blocked flow pathways. The disappearance of the highly nonconvex pores may be explained by the compaction and sedimentation processes forcing the near-contacts in a sand pack that created the b < d < 0 PD1 points to become true contacts in the grain phase so that now b < 0 < d in the sandstone.
The relationship between the percolating length scales and the distribution of PD1 points is similar in all the sandstones. The point ðr pore ; r grain Þ defines four regions in the PD1 diagram, with the upper left an empty zone where almost no PD1 points are found, the lower right containing the vast majority of PD1 points (94-98% for these samples), and the other two areas containing a marginal number of PD1 points. 
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Plots of the separations between creator and destroyer critical points in persistence pairs are shown for a single sample in Figure 10 . Again we see that the narrow peaks occur close to the relevant percolation thresholds, but the single maximal point can be significantly offset. A more sophisticated technique for determining the location of the persistence peaks would improve our estimates of percolation thresholds.
Mt Gambier Limestone
The Mt Gambier limestone sample is a counterpoint to the above sandstones and demonstrates the utility of persistence diagrams in giving a comprehensive picture of the pore space geometry and topology.
A 2-D section and the persistence diagrams are shown in Figures 6c and 11 ; the distances between persistence pairs are summarized in Figure 12 . This sample has no clearly defined length scales in the grain or pore sizes, a larger degree of similarity between the two phases and the percolation length scales do not provide the tight bound on the majority of PD1 points that we saw in the sandstones. The discrepancy between the percolation lengths and the dense region of PD1 points to the lack of homogeneity and suggests that the spanning cluster found by the percolation algorithm might be less robust to perturbation than those for the sandstones. For example, for c just larger than r pore , the first Betti number of L f (c) is still small, telling us that there are few redundant pathways through the pore space at this length scale. Only when c is significantly larger (i.e., closer to 0) is there a jump in the number of redundant paths through the pore space.
The maximally persistent and separated births and deaths are given in Table 1 and surprisingly, there is agreement to within 10% for the maximally persistent PD0 death value and r pore , and the maximally persistent PD2 birth and r grain . We also calculate the dominant persistence length scales for the Mt Gambier data using the top 1% of persistence pairs in each dimension, and list results in Table 2 . These show that the mean PD2 births are within 10% of r grain , but mean PD0 deaths are now at a significantly smaller length, at 222 mm compared to r pore 5 231.2. The data from PD1 birth and death values do not correspond to either of the percolating radii.
Conclusions
Persistent homology provides robust and rigorous definitions of topological descriptors that quantify connectivity over a range of length scales. Persistence analysis is therefore a powerful method to characterize the structure of a porous material in a way that is relevant for transport processes. By applying persistence analysis to the signed Euclidean distance transform of a binary image, we are able to incorporate a wealth of geometric information while also improving the robustness of topological measures.
We have shown that much can be inferred about a porous material by dividing PD1 (the information about rings or loops) into quadrants. The influence of a loop on the transport properties of a material will be quite For granular packs and well-sorted sandstones, we find a strong correlation between the percolation threshold and the emergence of large numbers of highly persistent loops in the pore space. The persistence lifetimes, i.e., (d 2 b) values, of pore and grain phase components (PD0 and PD2) are peaked at the critical percolating-sphere radii for the respective phases. We also see that scatter plots of the spatial separation between birth and death critical points are sharply peaked at the relevant percolating radii. This is the first evidence of a connection between persistent homology and percolation, and an explanation of why these quantities are related is given in Appendix A. 
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We have estimated percolation radii from the birth and death values of persistence pairs with maximal lifetimes and maximal spatial separation and find good agreement with independent percolation calculations on the images. Maximal quantities are notoriously sensitive to errors, so a more accurate method for estimating percolating radii from persistence information would be to use mean birth and death values from a larger group of the most highly persistent or separated pairs. This entails choosing criteria for selecting the larger group, such as the top p% of pairs, or all pairs above a suitable threshold on the persistence or separation. Such analysis should improve results for the relatively homogenous samples such as the sandstones.
The connection between persistence and percolation is less clear in highly heterogeneous systems, exemplified by the Mt Gambier limestone sample. In such systems, the numerical dominance of smaller features can overwhelm the signal from the main transport pathways. The persistence analysis does not recover the percolation length scales in this example. A larger sample might improve the picture. However, it is likely that the lack of a smooth distribution of grain and pore sizes in a heterogeneous sample obscures the simple relationship observed between percolation and persistence length scales of the homogenous sandstones.
In terms of computational cost, building the persistence diagrams is naturally more expensive than calculating the percolation threshold directly. The advantage of the persistence information is that it provides a more complete picture of the geometric and topological structure of the sample (PD0 births give the maximally inscribed sphere pore-size distribution, PD0 deaths and PD1 births provide the throat radii, PD2 deaths are the grain-sizes and PD2 births and PD2 deaths are grain-contact radii). This additional information may help provide a purely geometric characterization of the permeability of porous materials. A study of simulated quasi-2-D porous materials found that the effective conductivity term r/r 0 in the KatzThompson formula (1) could be replaced by 12v 0 N À Á a , the ''genus per grain,' ' Scholz et al. [2012] . To extend that work to real 3-D, porous materials requires the robust quantification of pore space connectivity and the identification of grains. Both these quantities can be easily extracted from the persistence diagrams.
Appendix A: The Persistence Pairing Algorithm and its Connection to Percolation
The topological changes in the lower level sets of the SEDT, L f (c), are represented by the filtration of a cell complex known as the Morse complex. As mentioned in section 2, the Morse complex is defined by mapping the critical points of the SEDT to topological elements (vertices, edges, patches, solids) in a cell complex. Local minima are vertices, or 0-cells. Index-1 saddle points become edges or 1-cells. Such a saddle point has two descending gradient flow-paths that terminate at local minima, these vertices are the end points of the edge. The graph of vertices and edges with negative critical values in the SEDT is analogous to a network model of the pore space. An index-2 saddle point becomes a 2-cell, and its adjacent 1-cells are those 1-saddles that are reached by descending flow paths from the 2-saddle. A local maximum is a 3-cell. We note that each 2-saddle has exactly two ascending gradient flow paths that terminate at local maxima. This adjacency of 3-cells via 2-cells defines a dual graph that is effectively a grain-contact network. Alternatively, the dual graph can be defined from the filtration of upper level sets of the SEDT adding local maxima, 2-saddles, 1-saddles, and minima to U f (c) as c decreases from the global maximum. Dual models such the above have been discussed for porous materials, for example by Glantz and Hilpert [2007] , and are related to the duality between Voronoi partitions and Delaunay triangulations of point patterns.
The lower level set filtration of the Morse complex is an ordering of all the cells by the critical values of their associated critical points, we refer to the critical value as the weight of the cell. Properties of Morse functions ensure that faces are added before the higher-dimensional cells they are adjacent to. We now describe the persistence pairing of 1-cells with 0-cells as the filtration grows. When a vertex (0-cell, local Each time an edge (1-cell, 1-saddle) is added, it must either join two components (causing the death of a zero-dimensional homology class) or create a loop (a new one-dimensional homology class). If the edge joins two distinct components, it is paired with an as-yet unpaired vertex from these two components that is as close as possible in weight. At the beginning of the growth process, most edges will join isolated vertices together, and in this case the edge is paired with the adjacent vertex of highest weight. If an edge joins two components with more than a single vertex each, elementary combinatorics guarantees that each connected component has a single unpaired vertex, so the edge that bridges them is paired with the unpaired vertex of highest weight. It follows that the vertex with minimal weight (the largest pore) remains unpaired by the persistence algorithm.
The growth of the filtration is exactly the same growth used when testing for percolation. The percolation algorithm finds the lowest weight for which there is a path from one side of the sample to the other. Near the percolation threshold, r pore , it is known that there are clusters of all sizes present. So it is possible for some edges with weights around r pore to join two large components and the persistence algorithm then pairs such edges with vertices that may be far away in space and in weight-value.
Past the percolation threshold, the edges added are more likely to create loops (they are PD1 births), or to join a smaller component to the spanning cluster, and the smaller component is more likely to have its unpaired vertex closer in weight to that of the new edge. This means both the persistence lifetimes d 2 b and the pair separations jjx d 2x b jj in PD0 reach their maximum for values of d near r pore .
A similar argument applied to the dual structure of 3-cells and 2-cells of the Morse complex (i.e., the grains and grain-contacts) establishes the observed relationship between PD2 points and the grain phase percolation length scale: persistence lifetimes and pair separations reach their maximum for birth values near r grain .
Next we discuss the observed structure in the PD1 diagram, focusing on the reason for the empty quadrant to the upper left of the percolation thresholds and the densely filled triangular region to the lower right of the percolation point. Each edge in the forward (lower level set) filtration of the Morse complex must either be a death event in PD0 or a birth event in PD1. This explains why most points in PD1 have birth b > r pore ; more cycles are created after the spanning cluster has formed. Similarly, from the complementary dual perspective, we see that most points in PD1 will have death values d < r grain . On average then, we expect to see most pairs in the region satisfy r pore < b < d < r grain . Also, when the birth and death values have a continuous distribution, (as is certainly true for the Swiss cheese model and a good approximation for the sandstones, but not the sphere packing or the limestone) the (b, d) points fill the region to the lower right of (r pore , r grain ).
Finally we consider the almost empty quadrant b < r pore , d > r grain . If a persistence pair in PD1 has b < r pore , we know that the 1-cycle must belong to a finite (nonspanning) component of L f (b), with b as its narrowest throat (i.e., b is the least negative value of the SEDT in this cycle). Similarly, if d > r grain the cycle in the ''grain'' phase must belong to a finite (nonspanning) component of U f (d) with d as the narrowest point in U f (d) along this cycle. These two cycles, one in L f (c) and one in U f (c) are linked for b < c < d. The existence of two linked cycles, born outside the spanning clusters and persisting for a large range of length scales is highly unlikely in random homogenous structures such as the sandstone samples or the Swiss cheese model. 
